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Abstract

This paper analyzes the implications for the expectations-driven lig-
uidity trap (LT) in a New Keynesian model with the cost channel. When
the real cost channel is considered, the expectations-driven LT is no longer
relevant under possible assumptions by making the effective slope of the
Phillips Curve steeper than its counterpart of the Euler equation during
periods of zero lower bound. However, I find that the nominal cost chan-
nel alone can not decrease the possibility of the expectations-driven LT.
Finally, I show that, under the real cost channel, the neo-Fisherian effects
would vanish if the expectations-driven LT is irrelevant. When forward
guidance is incorporated with the real cost channel, the economy is sus-

ceptible to falling into low-inflation traps.
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1 Introduction

Since the global financial crisis, the zero lower bound (ZLB) on policy rates
has become a central issue in macroeconomics, especially as central banks have
struggled with it for over a decade. Despite global recovery, many central banks
keep policy rates near zero, leading to widespread liquidity traps (LTs) where
rates hit their lower bound, highlighting the need to understand the ZLB’s
economic impact. Furthermore, the ZLB’s role in shaping economic policy
and performance in OECD countries, particularly given its persistent nature
as evidenced in Japan and its more recent emergence in the Eurozone and the
U.S., underscores the importance of examining the ZLB’s existence and conse-

quences in exploring its implications for monetary policy.

The seminal work of Benhabib et al. (2002) highlights a crucial issue stem-
ming from the presence of the ZLB: The emergence of multiple equilibria within
the framework of standard New Keynesian (NK) models. This phenomenon,
further examined by Bilbiie (2021), Ascari & Mavroeidis (2022), and Nakata &
Schmidt (2023), presents a tractable scenario in economic modeling. Specifi-
cally, in the standard NK model, two distinct short-run equilibria are generally
observed. The first is characterized by stabilized inflation and output gap at
the targeted steady state. The second, known as the expectations-driven equi-

librium, is marked by both inflation and the output gap being below the target.

In theory, people could expect deflation for no fundamental reason, and the
shift in households’ confidence from optimism to pessimism can become a self-
tulfilling prophecy (Mertens & Ravn (2014)). As a result, sunspots can cause
sufficient deflationary pressures to trigger expectations-driven LTs (or sunspot
LTs) without any fundamental shocks hitting the economy (see, e.g. Mertens
& Ravn (2014), Aruoba et al. (2018), Bilbiie (2019) and Cuba-Borda & Singh
(2020)). The phenomena of multiple equilibria and expectations-driven LTs
have captivated both academics and policymakers. However, recent empirical
studies suggest that expectations-driven LTs may be absent. Gorodnichenko &
Sergeyev (2021) use survey data from the US, Europe, and Japan, demonstrat-

ing that the likelihood of expectation-driven LTs could be minimal. Similarly,



Mertens & Williams (2021) analyze US options data on future interest rates,

finding no evidence in favor of the (sunspot) liquidity equilibrium.

In this context, current research generally indicates that expectations-driven
LTs can be averted through effective (exogenous) fiscal or monetary policy in-
terventions, as discussed in theoretical studies such as Sugo & Ueda (2008),
Nakata & Schmidt (2023), and Nie & Roulleau-Pasdeloup (2023). Nevertheless,
this raises the question: Are there inherent features within economic models,
rather than policy interventions, that can mitigate the occurrence of expectation-
driven LTs? To address this, the paper contributes by examining how an en-
dogenous real cost channel, in the absence of policy intervention, might ren-
der expectations-driven LTs irrelevant under certain assumptions. Specifically,
I show that a sufficiently strong real cost channel can effectively neutralize
sunspot LTs, while a weaker one might worsen the sunspot equilibrium. Fur-
thermore, incorporating this channel into our analysis offers fresh perspectives

on monetary policy effects, including neo-Fisherian and forward guidance.

Prior to COVID-19, advanced economies frequently encounter inflation rates
below target, despite expansive monetary policies and low unemployment rates.
This scenario, marked by ineffective inflation-boosting monetary policies, un-
derscores the importance of integrating the real cost channel into NK models,
a point extensively discussed in Beaudry et al. (2024) since this channel offers a
coherent explanation for "missing inflation". Building on the work of Rabanal
(2007) and Beaudry et al. (2024), we consider firms” borrowing needs for pro-
duction, emphasizing how the expected real interest rate impacts borrowing
costs and the Phillips Curve’s marginal cost. This concept is known as the real
cost channel. Notably, the real cost channel model differs from standard mod-
els in that its marginal cost depends on both the output gap and the expected
real interest rate, whereas the latter relies solely on the output gap. Empiri-
cal support for the cost channel’s existence is well-documented in studies as in
Ravenna & Walsh (2006), Gilchrist & Zakrajsek (2015), and Beaudry et al. (2024).

I study the possibility of expectations-driven LTs in the canonical NK model
with the real cost channel as in Beaudry et al. (2024) and Nie (2024), where

inflation and the output gap are jointly determined and are affected by expec-



tations of the future output gap and inflation. I solve the model equilibrium
analytically and graphically. To this end, I use a (stochastic) two-state Markov
structure as in Eggertsson & Woodford (2003), and Eggertsson (2011). In ad-
dition, the model equilibrium can be depicted in a (7rs, ys) diagram, where 7tg

and vy denote inflation and the output gap in the short run, respectively.

Following Nie et al. (2022) and Roulleau-Pasdeloup (2023), I derive the ef-
fective slopes (i.e. slopes can feature expectations) of Euler/Phillips Curves in
closed form. I further replicate results from Mertens & Ravn (2014), Wieland
(2018) and Bilbiie (2021) that the effective slopes of Euler/Phillips Curves at
the ZLB episode are crucial: The second expectations-driven LT (sunspot) ap-
pears in the standard NK model when the effective slope of the Phillips Curve
at the ZLB episode is lower than its Euler counterpart. However, I find that
the real cost channel can alter the effective slope of the Phillips Curve at the
ZLB and make it higher than its Euler counterpart. This arises because the real
cost channel at the ZLB introduces a dynamic where higher expected marginal
costs and inflation expectations, as reflected in the aggregate-supply (AS) side
of the economy, can result in short-term inflationary equilibrium. Therefore,
this channel in LTs can counteract short-run deflation, implying actual short-run

inflation in equilibrium.

I first show the theoretical condition under which expectations-driven LTs
become inconsequential when incorporating the real cost channel. It is the in-
terplay between the elasticity of the real marginal cost concerning the output
gap vy and the expected real interest rate <, that is pivotal in ascertaining the
influence of the real cost channel, as opposed to focusing merely on the abso-
lute strength of 7,. Fundamentally, the comparative magnitude of -y, against
7y is instrumental in illustrating the efficacy of the real cost channel. The un-
derlying economic intuition explaining why the real cost channel may render
expectations-driven LTs irrelevant hinges on its capacity to temper the effects of
increased savings on expected returns. In this case, households are less prone
to bolster their savings, showing a greater tendency towards consumption in-
stead. This behavioral shift diminishes the likelihood of expectations-driven

LTs materializing as an equilibrium outcome.



In the standard NK model, no model solution can appear as in Ascari &
Mavroeidis (2022), if the effective slope of the Phillips curve is lower at the ZLB
episode than its Euler counterpart. This arises since fundamental shocks can
make the Euler curve too much below the Phillips curve. However, even in the
presence of fundamental shocks, the model can exhibit a propensity towards
equilibrium existence under the real cost channel, provided that expectations-

driven LTs are deemed irrelevant.

Second, my analytical model clearly displays a caveat to the role of the real
cost channel: With a weak real cost channel, it can not reduce the occurrence
of sunspots and even worsen the sunspot equilibrium; only a strong enough
real cost channel can make the expectations-driven LT lose its relevance.! Intu-
itively, a weak real cost channel can increase the real marginal cost, while the
lessened short-term deflation in equilibrium is insufficient. In this case, house-
holds have to save more and obtain the optimal expected return on savings due
to expected saving benefits, which is in line with Nie & Roulleau-Pasdeloup
(2023). In contrast, a strong enough real cost channel can make up short-run
deflation caused by a drop in confidence, and deflationary expectations can not

be an equilibrium outcome.

How robust are the primary findings of this paper if we consider the nomi-
nal rather than the real cost channel, as typically modeled in Ravenna & Walsh
(2006)? Compared to the real cost channel, where firms’ marginal costs are af-
fected by the expected real interest rate, the nominal cost channel is associated
with the nominal interest rate. I show that the nominal cost channel can not
alter the effective slope of the Phillips curve during recessions, although it can
shift the Phillips curve. In that way, the nominal cost channel can not reduce

the possibility of expectations-driven trap dynamics.

Finally, the paper examines the effects of monetary policy with the inclusion
of the real cost channel within a tractable framework, following the approaches
utilized in studies such as Bilbiie (2019) and Bilbiie (2021). First, the analy-

!In this paper, the weak (or strong enough) real cost channel means the elasticity of the real
marginal cost w.r.t the real interest rate -, is small (or big enough) relative to a given level of
the elasticity of the real marginal cost w.r.t the output gap 7y,
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sis focuses on exploring the existence of neo-Fisherian effects, specifically how
short-term expansionary inflationary interest rate increases behave when inte-
grating the real cost channel. It is found that if the possibility of expectations-
driven LTs is no longer relevant in the NK model, the neo-Fisherian effects can
indeed disappear. However, if the real cost channel is ineffective in rendering
expectations-driven LTs irrelevant, the implications differ. As highlighted in
Ali & Qureshi (2022), I show, under this channel, neo-Fisherian effects become

more pronounced than in the standard NK model.

Additionally, the study models the effects of forward guidance (FG) in the
context of the real cost channel. Interestingly, the findings demonstrate that
such a policy can lead to future deflation, which contrasts with the conclusions
drawn in Bilbiie (2021). Consequently, the implementation of FG in the pres-
ence of the real cost channel could potentially steer the economy into a low
inflation trap, characterized by a persistent state of subdued inflation rates as
in Carlstrom et al. (2015) and Beaudry et al. (2024). This discovery provides a
notable deviation from the conventional understanding of FG and underscores
the importance of incorporating the real cost channel when assessing its impact

on the macroeconomy.

This paper is closely related to a series of papers using the monetary/fiscal
policy to get rid of expectations-driven LTs (Sugo & Ueda (2008), and Nakata &
Schmidt (2023)). For example, In a Ramsey-type model incorporating flexible
pricing mechanisms, Benhabib et al. (2002) elucidates that employing a "non-
Ricardian" fiscal approach, which contravenes the agents’ transversality stipu-
lation amidst deflationary trends leading to LTs, can decisively avert the emer-
gence of an LT equilibrium. In a similar vein, within the framework of NK mod-
els, Schmidt (2016) explores this concept. Additionally, Piergallini (2023) ex-
amines the efficacy of "Ricardian” fiscal policies in an overlapping generations
model, also characterized by flexible pricing. These policies, inherently aligned
with the agents’ transversality condition, are shown to safeguard the economy
from succumbing to expectations-driven LTs, particularly those driven by ex-

pectation dynamics.

On the other hand, Nie & Roulleau-Pasdeloup (2023) show that the forward



guidance policy that is contingent on the inflation target could rule out the
sunspot ZLB if the inflation make-up strategy is bold enough. While these pa-
pers primarily emphasize the role of monetary and fiscal policy specifications in
eliminating sunspot equilibria, this paper shifts focus to an endogenous chan-
nel within the Phillips Curve. This approach aims to render the expectations-

driven LT irrelevant under plausible assumptions.

Relatedly, Gabaix (2020) proves that the expectations-driven ZLB equilib-
rium can disappear in the NK model with bounded rationality. Similarly, Ono
& Yamada (2018), Glover (2019), Michaillat & Saez (2019) and Diba & Loisel
(2020) all find prescriptions to avoid the sunspot LT. To the best of my knowl-
edge, no concurrent work shows that the cost channel can work as a model

solution to reduce the occurrence of sunspot traps.

This paper also speaks to emerging papers using a standard NK model with
the real cost channel. The seminal work of Beaudry et al. (2024) indicates that
the real cost channel can match the US data, and they shed light on the relation-
ship between the real cost channel and monetary policy. There are some other
fiscal implications with the real cost channel. For example, Nie (2024) uses the
NK model with the real cost channel and finds low government spending mul-
tipliers in LTs. In this paper, instead of discussing the effects of policies and
how they interact with the real cost channel, I document the role of this channel

in the implications for expectations-driven LTs.

The rest of this paper is organized as follows. Section 2 presents the model
with the real cost channel. I assume households’ confidence is subject to a
sunspot shock which obeys a standard two-stage Markov structure. I show
that the sunspot equilibrium can appear in the standard model analytically and
graphically. In section 3, I show that the real cost channel can reduce the occur-
rence of expectations-driven LTs and further support maintaining model equi-
librium. Section 4 examines the effects of monetary policy with the real cost

channel. Finally, I conclude in Section 5.



2 The model with real cost channel

This section aims to explain the role of the real cost channel in normal times and
a liquidity trap (LT) using a three-equation model with the real cost channel.
Normal times is the state when the economy is outside of an LT, and the nom-
inal interest rate is flexible to adjust by the central bank. In contrast, LTs mean
that there is a zero lower bound (ZLB) on nominal interest rates. Additionally, I
show the short-run model equilibrium with a parsimonious two-stage Markov

structure.

2.1 Three-equation model

I use a standard three-equation New Keynesian (NK) model linearized around
its (deterministic) targeted steady state, and this steady state is with zero in-
flation/output gap.? 1 model the aggregate demand side of the economy in a
standard way. A representative household consumes, supplies labor elastically
and saves in one-period government bonds. The private condition boils down

to the Euler equation in Definition 1.3

Definition 1. The following expression represents the equilibrium conditions of the
semi-linearized Euler equation, which describes the aggregate demand (AD) side of the

economy:
Yi = Eiyrr1 — 07 [Ry +1og(B) — Bty — €], @
where oy is the elasticity of inter-temporal substitution, and €; is the demand shock.

The modeling process of the Phillips Curve heavily builds on Beaudry et al.

(2024) and Nie (2024). Firms have to finance for production and in this case,

2] focus on the intended steady state with zero inflation in this section. The unintended
steady state is a state with the ZLB binding as in Benhabib et al. (2001) and Coyle & Nakata
(2019). Here I only show the linearized equilibrium condition, and all lower case format vari-
ables are the log deviations from the steady state i.e. x; = log(X;) —log(X). Refer to Appendix
A for model details. The scope of our analysis is primarily "local", concentrating on linearized
conditions within a narrowly defined vicinity of this steady state, under the specific condition
of a zero nominal interest rate typical of liquidity trap scenarios.

3Refer to Appendix A for model details.



the expected real interest rate can impact the real marginal cost and the Phillips
Curve. The specific model set-up can refer to Appendix A. In the following

Definition 2, I show the semi-linear difference equation.

Definition 2. The semi-linearized New Keynesian Phillips Curve (NKPC) with the
real cost channel which represents the aggregate-supply (AS) side of the economy is

shown below:

7t = BEsrtri1 + & [vyys + 10 (Re +1og(B) — Esrtri1)] - 2)

where 111 is inflation, y; is the output gap, B < 1 is the discount rate, « is the elasticity
of inflation with regard to the real marginal cost, Ry is the nominal interest rate in level.
vy and 7y, are the elasticity of the real marginal cost with regard to the output gap and

the expected real interest rate, respectively.

Eq. (2) isemployed in this paper where the expected real interest rate emerges,
as in Beaudry et al. (2024) and Nie (2024). The main difference between this
model and the standard model is that this model has one additional part to
highlight the role of the expected real interest rate on short-run inflation. In
particular, 7, can be seen as the strength of the real cost channel.* In addition,
this real cost channel features one additional expected inflation feedback de-
noted by —IE;7t;4 in LTs, and in Proposition 1, we show the real cost channel

can mitigate the short-run deflation in equilibrium.

Proposition 1. The real cost channel in liquidity traps implies higher expected infla-

tion and counteracts the short-run deflation in equilibrium.
Proof. See Appendix B. O

Without the real cost channel (that is, v, = 0), sufficient deflationary pres-

* As noted in Rabanal (2007), the parameter -y, represents the fraction of representative firms
that need to borrow funds to cover their wage bills for production. Its value typically lies
within the range of [0, 1], indicating the proportion of firms dependent on borrowing for wage
payments. Similarly, studies such as Beaudry et al. (2024) and Nie (2024) have estimated the
range of <y, to also fall within [0, 1]. When <, approaches 0, it indicates a weak real cost channel.
In contrast, when 1, is closer to 1, it signifies a relatively strong real cost channel. The strength
of the real cost channel, determined by the value of ,, plays a crucial role in shaping the
dynamics of the model and the transmission mechanisms of monetary policy.

8



sures can trigger a ZLB state. Since nominal interest rates are zero at ZLB,
deflation leads to higher ex-post real interest rates, implying lower aggregate
demand through the AD curve. The decline in demand in turn causes further

deflation via the AS curve, creating a deflationary spiral.

However, as in Proposition 1, the real cost channel can imply higher ex-
pected marginal costs and inflation expectations through the AS curve, even-
tually leading to short-run inflation in equilibrium. The higher marginal costs
stemming from the real cost channel can counteract the deflationary effects,

thereby stabilizing the economy and preventing prolonged recession.

While ZLB causes monetary policy to lose its potency as a stabilization tool,
the real cost channel creates inflation expectations that can be self-fulfilling.
When firms anticipate higher borrowing costs and inflation, they increase their
prices preemptively. This change in inflation expectations and actual inflation
counteracts lower demand and breaks the deflationary spiral even when nom-

inal rates are constrained at ZLB.

In addition, this Phillips Curve with the real cost channel can nest the Phillips

Curve in the standard NK model below if we simply assume 7y, = 0:

e = BBt 1 + Kyy Yt 3)

In the short run, we assume that the central bank obeys a standard Tay-
lor (1993)-type rule with a lower bound in the following Definition 3. In this
case, sufficient deflationary pressures can trigger a lower bound, and the cen-

tral bank has to set the nominal interest rate to zero.

Definition 3. Monetary policy is assumed to follow Taylor (1993)-type rules with a
lower bound:
Ry = max [0; —log(B) + ¢t . (4)

To study the dynamics of the economy in normal times and LTs, I assume
the central bank can not perfectly track the nominal rate but with a lower bound

constraint. As in Aruoba et al. (2018), the fundamental demand shock can im-



pede the central bank from stabilizing the NK economy. To be more specific,
if this fundamental shock is potentially large enough, the central bank can not
track nominal rates with sufficient deflationary pressures, and the short-run
economy can be stuck into LTs. In that way, the nominal interest rate should
be fixed at zero. However, if the demand shock is small, the central bank can
stabilize the economy by using the standard Taylor (1993) rule. Specifically, the
central bank sets a more than one-to-one decrease in nominal interest rate to

tight deflationary pressures.

In addition, I assume there exists a sunspot shock in this paper. The persis-
tent sunspot shock can shift peoples” confidence, as in Mertens & Ravn (2014)
and Nie & Roulleau-Pasdeloup (2023), and cause sufficient deflationary pres-
sures to trigger the expectations-driven (or sunspot) LTwithout any fundamen-

tal shocks hitting the economy.

Note that the real cost channel can work as a cost-push shock endogenously
in normal times if the Central Bank follows a simple Taylor rule as Ry = ¢, 71+ —
log(pB). This result in normal times is widely discussed in the literature as in
Ravenna & Walsh (2006), Gilchrist & Zakrajsek (2015), and Nie (2024).

The ZLB policy has plagued the US, Japan, and the euro countries for over
decades. In this paper, I will focus on the ZLB episode. At the ZLB, the nominal
interest rate is zero (i.e. Ry = 0). The real cost channel still works with the
expected inflation feedback in the Phillips Curve. Following Nie et al. (2022)
and Roulleau-Pasdeloup (2023), I derive the effective slope in the NK model
where the current inflation and output are jointly affected by expectations of
future output and inflation. Therefore, the expected inflation feedback in the

real cost channel can alter the effective slope of the Phillips Curve at the ZLB.

5In other words, the real cost channel at the ZLB can rotate the Phillips Curve. In this paper,
I'mainly explore the effective slopes of AS/AD curves at the ZLB. Note that the specific setting
of the Taylor (1993)-rule is not critical here since the nominal rate is fixed at zero in LTs.
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2.2 Equilibrium determinacy

In this subsection, I begin by deriving the analytical condition necessary for
ensuring that our NK model, incorporating a real cost channel, possesses a (lo-
cally) unique equilibrium when subjected to a standard Taylor rule, while stay-
ing away from the zero lower bound. Proposition 2 succinctly summarizes the

condition required for equilibrium determinacy.

Proposition 2. With the real cost channel, the NK model has equilibrium determinacy

if and only if:

3(B—xvr) +ovkyy, +1
KYr '

1< ¢r < )

Proof. See Appendix C. O

This equilibrium determinacy can be demonstrated by directly analyzing
the eigenvalues of the system described by Definitions (1)-(3), a rational expec-
tation equilibrium provided that condition (5) is met. It is important to note
that the aforementioned condition has the flexibility to accommodate the stan-
dard model (i.e. ¢ > 1), where 7, = 0 (as outlined in Woodford (2001)). This
indicates that our framework can encompass the traditional model as a special
case. By considering the real cost channel, which imposes an upper bound on

the variable ¢, our analysis aligns with the findings of Surico (2008).°

As discussed in Surico (2008), the upper bound for the real cost channel
arises due to the interaction between nominal interest rates and inflation. When
the response of nominal rates to inflation is excessively aggressive, higher inter-
est rates lead to increased borrowing costs for firms. Consequently, the benefits
derived from lower wages are outweighed by the increased costs of borrowing,
prompting firms to prefer raising prices instead.” In that scenario, the strength
of monetary policy must be moderate, with an upper limit imposed on the Tay-

lor rule coefficients.

6See Appendix C, the condition for equilibrium determinacy of the NK model with the real
cost channel can nest the one with the nominal cost channel.

7Tt is worth noting that in the standard simulation case, the upper bound can become bind-
ing for values of ¢ as large as 190. This implies that when the responsiveness of nominal
interest rates to inflation exceeds a certain threshold, the real cost channel becomes a crucial
factor influencing the behavior of firms and their pricing decisions.
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2.3 Short-run equilibrium: A stochastic method

This three-equation model above is simple enough for a clear analytical anal-
ysis. To this end, I use a parsimonious two-stage Markov structure with an
absorbing state to solve the stochastic model analytically as in Eggertsson &
Woodford (2003) and Eggertsson (2011). Specifically, the initial recurrent state
of the Markov chain features the short-run economy (where we label it with a
subscript S), which can deviate from the steady state with shocks. After a few
periods, the economy can be back to the steady state (where we label it with a

subscript L), and it is also the second state of the Markov structure.

In our study, we adopt the approach delineated by Bilbiie (2019), positing
the existence of a steady state, which is characterized as an absorbing state. An
absorbing state is defined as a state that, once reached, cannot be exited. This
particular state can be regarded as a long-term steady state. The primary merit
of employing an absorbing steady-state assumption lies in its facilitation of a
graphical depiction of the interaction between the NKPC and the Euler equation.
Moreover, this approach facilitates elucidation of the mechanism underpinning
the efficacy of the real cost channel through effective slopes, both analytically
and graphically, as delineated in Roulleau-Pasdeloup (2023).8

With this in mind, the short-term economy is hit by the exogenous demand
shock €5 which persists with a probability p and recovers to the steady state
(eL = 0) with a probability 1 — p.? In addition, the sunspot shock is arbitrarily
small with a persistence p. Since the Phillips Curve and the Euler equation
in Egs. (2) and (1) are both forward-looking, and one can write the expected

output gap as

Esyir1=p-ys+ (1 —pyr

81t should be noted that, as explored in Appendix Q, the relaxation of this absorbing state
assumption as in Coyle & Nakata (2019) can also reveal our main results that, with the real cost
channel’s contribution, the possibility of expectation-driven liquidity traps could be reduced.
9The transition matrix for the demand shock is:

1—
Ps:[g 1*7].

The stochastic expected duration of the demand (or sunspot) shockis 7 =1/(1 — p).
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=P Ys

where the output gap y; = 0 is the steady state, implying no deviations in the
long run. Similarly, one can offer Eg7t; 11 = p - g with zero long-run inflation
for expected inflation next period. In this case, I define the short-run equilib-

rium with the Markov chain representation below:

Definition 4. The short-run equilibrium can be expressed as a vector [ys, 7s, Rg]

such that, for a given €g

s = BEsmy1 4 [1yys + 7r(Rs +1og(B) — Esmiy1)] (6)
Ys = Esyry1 — 07 [Rs +10g(B) — Esrri1 — €] )
Rs = max[0; —log(B) + ¢pr7rs] (8)
Es7mti 1 = prts )
Esyi+1 = pys (10)
all hold.
Based on Definition 4, if the economy is in LTs with Rg = 0 caused by

(strong) negative fundamental shocks, it is in fundamental-driven LTs as in
Aruoba et al. (2018). On the flip side, as in Mertens & Ravn (2014), if the econ-
omy can feature a ZLB equilibrium (Rg = €5 = 0) with no fundamental reasons,

it can be referred to as sunspot-driven traps.

In addition, the short-run equilibrium in Definition 4 can be solved by hand.
Asin Nie et al. (2022) and Roulleau-Pasdeloup (2023), the short-run Euler/Phillips
Curves can be shown in the following systems (Definition 5), which take into

account expectations as in Mertens & Williams (2021):

Definition 5. The short-run New Keynesian Phillips Curve and Euler equation are

shown below:

STt if s > 8
s ¢z c ; log?ﬁ) b
Spcs + Lpe if s < =g

13



(12)

y {SEETL’S +IEE lf g > 10(%5113)
S pu—

Sgp7ts + Lee — (Trl?g,(g) if 7s < 10233),

where S labels the effective slope and L denotes the intercept. The superscript ¢ and z
denote “real cost channel” and "ZLB”, respectively. The subscript PC and EE denote
"Phillips Curve” and "Euler equation”, respectively. The expressions of these effective

slopes/intercepts are reported in Appendix F.

I show the Phillips Curve in Eq. (11) and the Euler equation in Eq. (12). The
main difference between this model with the standard model is that Eq. (11) in
the standard model will collapse to one single equation which is independent
of the economic state (i.e. either the normal times or the ZLB). In particular, the
effective slope can feature expectations of the future output gap and inflation,

and the real cost channel can impact these effective slopes.

The effective slope is crucial in determining the type of LTs in this paper,
and I simply assume the effective slope of the Phillips Curve is upward sloping
in a (715, ys) graph as in Assumption 1, which means p < p"—see Appendix
D for details. In other words, with the real cost channel, there is a threshold
p" such that the Phillips Curve can be upward/downward sloping. Laubach &
Williams (2003), Daly & Hobijn (2014) and Nie (2024) assume a similar condi-

tion.

Assumption 1. Assume that the Phillips Curve with the real cost channel is upward
sloping in a (7ts,ys) graph such that

p < ]. —K’)’r(PTE :ﬁu

B — Ky

I have sketched the NK model with the real cost channel and expressed
the short-run equilibrium with a two-stage Markov structure. In the next sec-
tion 2.4, I will replicate the sunspot equilibria in the standard NK model as
in Mertens & Ravn (2014), Wieland (2018), Bilbiie (2021), and Nie & Roulleau-
Pasdeloup (2023).
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2.4 Sunspot equilibria in standard NK model

This subsection aims to show the equilibrium multiplicity property and equilib-
ria solutions analytically and graphically in a textbook NK model without the
real cost channel. As in Benhabib et al. (2001), Bilbiie (2019), Ascari & Mavroei-
dis (2022), and Nakata & Schmidt (2023), the standard linearized NK models
are prone to equilibrium multiplicity if the central bank follows a Taylor rule
with a lower bound constraint. Specifically, there are two short-run equilibria
in the standard model. The first one is stabilized at the targeted steady state.
The second one is the expectations-driven (or sunspot) liquidity equilibrium

with negative inflation and the output gap.

241 Equilibrium Multiplicity

Before adding the real cost channel, I first show the two equilibria in the stan-
dard model. The modelling is in line with Nie & Roulleau-Pasdeloup (2023),
and I assume there exists a sunspot shock.!? This shock is arbitrarily small,
and it remains in the short run with the persistence p. The expectations-driven
traps mean that the economy can feature actual deflation and be in LTs with
an arbitrarily small sunspot shock in a high persistence of realized deflation
environment (i.e. the sunspot shock persistence p is large enough)—see Nie &

Roulleau-Pasdeloup (2023) for a discussion.

Following the way in Nie et al. (2022) and Roulleau-Pasdeloup (2023), I
define the effective slopes in this paper, which can take into account expec-
tations.!! I first show the effective slopes of AS/AD curves in a (75, ys) graph
within the standard model explicitly.

Lemma 1. In the standard NK model, the effective slope of AD/Euler curve in Eq.(7)

19As also in Mertens & Ravn (2014), sunspots can be seen as exogenous shocks to house-
holds’ confidence.

n other words, it can represent features that inflation and output are jointly determined
and affected by expectations of the future output gap and inflation. See also Roulleau-
Pasdeloup (2021).
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at the ZLB is:

SEE:(Trl_

The effective slope of AS/NKPC curve in Eq.(3) at the ZLB is:

Proof. See Appendix G. O

As in the seminal work of Bilbiie (2021), the equilibrium multiplicity can
be detected by the probability p in a two-state Markov structure.!?> Based on
Lemma 1, increasing p can generate a second crossing in the AS/AD curves at
the ZLB episode by (i) increasing the Euler equation slope S7; and (ii) reduc-
ing the NKPC slope S% simultaneously.'® In this case, there exists a threshold
P in Lemma 2 such that a second intersection emerges in a (7ts,ys) graph (i.e.

the expectations-driven LT) in the standard NK model if p > p.

Lemma 2. One can use Lemma 1 to calculate the threshold p below:

(B+1+0yy) =/ (1+ B+ ary,)? — 4B
<

pP= 28 1.

Proof. See Appendix H. O

As mentioned in Lemma 2, this threshold is highly dependent on the slope
of the NKPC, which represents the degree of price stickiness, as well as the
intertemporal substitution of the Euler equation. Furthermore, as discussed
in Bilbiie (2021), a higher overall elasticity, denoted as x7,07, can increase the

likelihood of sunspot occurrences.

To have a clear observation, I plot the expectations-driven (or sunspot) LT
and the fundamental-driven LT in the AS/AD diagram as in Figure 1. It is of
note that the effective slopes of the AS/AD curves at the ZLB episode are crucial. For
the fundamental-driven LT case on the right panel, this effective slope of the AS

12Gimilar arguments can be found in Mertens & Ravn (2014) and Aruoba et al. (2018).
131n the standard NK model, we have a first crossing at the origin in the AS/AD curves.
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Figure 1: Expectations-driven LT (left) and fundamental-driven LT (right)
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Notes: The black solid line in this figure is the AS curve (aka the New Keynesian Phillips Curve,
NKPC) while the blue dashed line is the AD curve (aka the Euler equation). The left panel presents
the expectations-driven LT in a standard NK model with p = p + 0.1 and the right panel shows the
fundamental-driven LT in the standard model by assuming p = p — 0.1 with the demand shock €5 =
—0.025. Other calibration parameters are shown in Appendix E.

curve at the ZLB is larger than that of the AD curve. The reverse holds for the
expectations-driven liquidity traps on the left panel where the effective slope of
the AS curve is less than the AD slope. Consequently, the Euler and the NKPC
can cross twice, giving rise to the sunspot ZLB. In addition, a higher overall
elasticity results denoted as «7,07, in an increased effective slope of the Euler

equation, thereby facilitating a second intersection with the NKPC.

2.4.2 Characterization of multiple equilibria
According to Lemma 2, the economy can be in expectations-driven LTs with a
high p. The intuition is that the expected highly persistent deflationary shock

can shift people’s confidence. In this case, people could expect deflation for
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no fundamental reason, and there could be a self-fulfilling prophecy that will
result in expectations-driven LTs. To better understand the difference between
fundamental-driven LTs and sunspot traps. I replicate the closed-from solu-
tions for the two LTs in the standard NK model as in Mertens & Ravn (2014),
Wieland (2018), and Bilbiie (2021) in Lemma 3.

Lemma 3. In the standard NK model, the solution of the expectations-driven traps is

given:

ys = (1 — IBP)UV (
(1—p)(X = Bp) —orprryy

KYy
(1—p)(1 = Bp) — orpryy

—log(B))
(—log(B)),

g =

where (1 —p)(1 — Bp) —orpx < 0 (i.e. p > P).

The solution of the fundamental-driven traps is shown as:

_ (1—Bp)or co—
Ys = A== pp) _UrPK'Yy( s —log(B))
Ky

Tlg =

=PI = pp) oy, 5~ 08B,

where (1 — p)(1 — Bp) — orpx > 0 (ie. p < P).
Proof. See Appendix I. O

In line with Cuba-Borda & Singh (2020), I show the two traps in isomorphic
expressions with the ZLB binding. It is straightforward to see that the denom-
inator is the same in the two specifications. Here p is crucial, if the fundamen-
tal/sunspot shock is large enough (i.e. p > p), the denominator is negative. In
this case, the solutions of ys and 75 are both negative without any fundamental
shock hitting the economy (i.e. €5 = 0). On the other hand, the fundamental-
driven traps are very similar but the shock persistence is small. In that way, the
denominator of the solution is positive while the term (es — log(p)) is negative
with a strong (negative) fundamental shock €5 < 0. Therefore the economy is

in LTs with negative ys and 7s.

The expectations-driven (or sunspot) trap is shown on the left panel of Fig-
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ure 1 and a second intersection of the AS and AD curves occurs. It indicates that
if the sunspot shock persistence is sufficiently large, the economy will feature
actual deflation without any fundamental shocks hitting the economy. In other
words, if households do expect deflation for no reason, this can cause sufficient
deflationary pressures to trigger the expectations-driven LT with a self-fulfilling
state of low confidence. It is of note that, similar to the results in Bilbiie (2019)
and Nie & Roulleau-Pasdeloup (2023), there are two short-run equilibria on the
left panel of Figure 1. One is the targeted (intended) steady state which means
ys = s = 0. Another one is the expectations-driven ZLB, implying ys < 0 and
rts < 0. These experimental results can echo our analytical results in Lemma 3.
Therefore the second equilibrium with expectations-driven traps emerges, and

there is no stable equilibrium echoing the findings in Aruoba et al. (2018).

On the right panel of Figure 1, there exist fundamental-driven traps where
the strong demand shock €5 < 0 can cause sufficient deflation such that the
ZLB binds, implying ys < 0 and s < 0. At the same time, the effective slope
of the AD curve at the ZLB is lower than its counterpart of AS curve. There is
only one unique equilibrium that can feature the ZLB state. For example, the
US has been caught in the fundamental-driven ZLB during the global financial
crisis (GFC), as in Eggertsson (2011) and Aruoba et al. (2018).

To conclude, there exists sunspot equilibrium in the standard model, and
we show that the effective slopes are crucial in determining the LTs, which is in
line with Bilbiie (2021) and Nie & Roulleau-Pasdeloup (2023). However, recent
empirical studies suggest that expectations-driven LTs may be absent. Gorod-
nichenko & Sergeyev (2021) and Mertens & Williams (2021) finding no evidence
in favor of the expectations-driven LTs. As in the literature (see e.g. Sugo &
Ueda (2008), Nakata & Schmidt (2023) and Schmidt (2016)), many policy pre-
scriptions are proposed to get rid of the sunspot traps. However, the question
arises whether intrinsic characteristics of economic models, rather than policy
interventions, could facilitate the reduction of expectation-driven LTs? To ad-
dress this, in the following section 3, I will instead show the real cost channel

that can reduce the occurrence of the expectations-driven LT.
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3 Expectations-Driven LT: Losing relevance

In this section, I now show that when the real cost channel is considered, the
expectations- driven LT is no longer relevant under possible assumptions. To
be more specific, the real cost channel in the NK model can rotate the NKPC
while the effective slope of the Euler equation is unchanged. Additionally, I
show this real cost channel is theoretically appealing since it helps ensure model
equilibrium existence. I finally show that the nominal cost channel alone cannot

reduce the occurrence of the expectations-driven LT.

3.1 Higher effective slope of AS curve with real cost channel

As described at length in Section 2.4, the effective slopes of AS/AD curves in a
(715, ys) graph at the ZLB episode are critical. First, I show the effective slope
of the AS curve at the ZLB with the real cost channel explicitly below.

Lemma 4. Based on Definition 4, the effective slope of the AS/NKPC curve with the
real cost channel in Eq.(6) at the ZLB is:

Sc,z _ 1— IBP + KYrp
PC — K’)”y :

Proof. See Appendix J. O

By comparing Lemma 1 and Lemma 4, the real cost channel can magnify the
effective slope of the AS curve at the ZLB episode with the term «<y,p. Thus, the
effective slope of the AS curve at the ZLB episode is higher with the real cost
channel as in Proposition 3. This outcome aligns with the findings of Beaudry
et al. (2024), underscoring how the incorporation of the real cost channel can
account for a flatter NKPC, indicative of a weaker relationship between output
and inflation. This also sheds light on the academic discourse surrounding the
"missing in(de)flation" phenomenon. Further, we find that the effective slope

of the NKPC can increase with the intensification of the real cost channel. The
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effective slope of the AS curve, when incorporating this channel, can revert to

the standard slope if ¢, = 0.

Proposition 3. Relative to the standard NK model, the effective slope of the AS curve
at the ZLB episode is higher with the real cost channel. Furthermore, the slope increases

with the intensity of the real cost channel, as represented by ;.
Proof. See Appendix K. O

If the AS curve is rotated and the effective slope Sy is higher than S, in
the (7s,ys) graph at the ZLB episode, the second intersection can disappear,
implying that the expectations-driven traps as in Bilbiie (2019) and Cuba-Borda
& Singh (2020) is no longer relevant in our framework. In that way, the econ-
omy can be in the intended steady state without any fundamental shocks. Since
we have discussed how the real cost channel can alter the slope of the NKPC,
thereby reducing the likelihood of a second intersection in the (7tg, ys) graph,
we should consider how to interpret this relationship. First, it is already es-
tablished in traditional NK models that high shock persistence 7, can lead to
expectations-driven LTs. We now aim to solve for the magnitude of p° required
to induce a correlation with expectations-driven traps in models incorporating

the real cost channel.

Lemma 4 can be employed to compute the threshold p° that triggers the
sunspot equilibrium when considering the real cost channel, as shown in Lemma
5. This expression is isomorphic to the one in Lemma 2. This threshold is highly
dependent on the slope of the NKPC, which represents the degree of price stick-
iness, real cost channel, as well as the intertemporal substitution of the Euler
equation. Therefore, it becomes evident that introducing this channel into the
model increases the shock persistence required for expectations-driven LTs in
traditional NK models. In other words, the presence of the real cost channel

reduces the likelihood of the economy being in a sunspot equilibrium.

Lemma 5. The threshold p° with the real cost channel below:

_ (B+1+ OrKyy — KYr) — \/(1 + B+ orkyy — KYr)? —4(B — x7r) _
P 206 —x77) o7
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Proof. See Appendix L. O

It has been demonstrated that the real cost channel can increase the effec-
tive slope of the AS curve during ZLB episodes, yet it exhibits no effect on the
effective slope of the AD curve. If the alteration in the slope of the NKPC by
the real cost channel prevents a second intersection of the AS/AD curves, then
sunspot traps would not occur. In such a scenario, a sufficiently strong real cost
channel can render sunspot traps irrelevant, provided the effective slope of the
AS curve at the ZLB is steeper than that of the AD curve. This indicates that the
real cost channel can mitigate the occurrence of expectations-driven LTs with a
large 7, whereas a small 7, may be ineffective. However, what specific con-
ditions are required for this undesirable equilibrium to vanish? We define the

constraints on the real cost channel in the following Proposition 4.

Proposition 4. The elasticity of real marginal cost w.r.t output vy, follows the restric-

tion below:

Ty < D(7r),

where ®(y,) = (5%%*1‘: ("17:‘1’(’;);3’”(5”‘%) increases in y,. Then the real cost channel

can make the expectations-driven LT irrelevant.
Proof. See Appendix M. O

From Lemma 4, it is evident that the effective slope of the AS curve at the
ZLB is positively correlated with the strength of the real cost channel, denoted
as 'yr.“ Conversely, it is inversely related to the elasticity of real marginal cost
with respect to output, y,. Theoretically, this allows for the exploration of the
interplay between 7, and <y, aiming to derive conditions pertinent to sunspot
traps. More specifically, for a given value of 7, the efficacy of the real cost chan-
nel can be amplified by increasing <y,. Thus, the relative dynamics between 7,
and 7y are crucial in determining the role of the real cost channel, rather than
solely focusing on the absolute strength of ;. In essence, the relative magni-

tude of v, vis-a-vis -y, exemplifies the role of the real cost channel.

14+, represents the elasticity of marginal cost with respect to the interest rate, indicative of
the real cost channel’s strength.
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In summary, the first result of this paper is the theoretical condition un-
der which expectations-driven LTs become irrelevant. Under the condition
Ty < P (), the effective slope of the AS curve at the ZLB is consistently greater
than that of the AD curve in a (7ts,ys) graph.!® Conversely, this threshold con-
dition exhibits a positive correlation with 7,. Hence, a higher 7, enhances the
likelihood of the economy avoiding expectations-driven traps. Moreover, the
condition 7, < ®(7,) necessitates that the strength of -y, be sufficiently large
relative to a given . Consequently, this precludes a second intersection of the

AS/AD curves, thereby rendering the sunspot equilibrium irrelevant.

Intriguingly, the theoretical constraints identified herein find resonance with
empirical evidence presented in Beaudry et al. (2024). This seminal work empir-
ically ascertains that the elasticity of real marginal cost with respect to output,
7y, within the real cost channel, is consistently small and statistically insignifi-
cant. Conversely, the elasticity of marginal cost with respect to the interest rate,
7r, is significantly positive and substantially exceeds <y,. Such parameter esti-
mations imply that the likelihood of the sunspot equilibrium vanishing is high.
Furthermore, this empirical observation from Beaudry et al. (2024) serves as a

pivotal motivation for the restriction delineated in Proposition 4.

The plausible explanation for the real cost channel’s ability to diminish the
likelihood of expectations-driven LTs lies in its impact on inflation feedback at
the ZLB, as delineated in Eq. (6). Specifically, the real cost channel can coun-
teract deflationary tendencies in the short run. At the ZLB, with nominal inter-
est rates anchored at zero, deflation induces higher ex-post real interest rates,
thereby diminishing aggregate demand via the AD curve. This demand reduc-
tion can further exacerbate deflation through the AS curve, potentially trigger-
ing a deflationary spiral. However, the real cost channel introduces a dynamic
where higher expected marginal costs and inflation expectations, as reflected
in the AS curve, can culminate in short-term inflationary equilibrium. The in-
creased marginal costs arising from the real cost channel act as a counterbal-
ance to deflationary pressures. These countervailing forces, underpinned by

rational expectations and sticky prices, can result in short-run inflation in equi-

15Tt should be noted that if the NKPC is upward sloping in a (715, ys) graph, a second inter-
section is precluded. Furthermore, this paper assumes ®(-y,) > 0.
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librium. Consequently, for a given output gap ys, the deflationary trajectory at
the ZLB becomes less pronounced due to these counteracting effects, leading
to a steeper slope of the AS curve in a (7s,ys) graph. Ultimately, an AS curve
that is sufficiently steep eliminates the possibility of a second intersection. As
a result, deflationary expectations cease to be an equilibrium outcome, signifi-
cantly reducing the probability of expectations-driven LTs with the intervention

of this channel.

Figure 2: No expectations-driven LT with the real cost channel
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Notes: The black solid line in this figure is the AS curve while the blue dashed line is the AD curve. The
left panel presents the expectations-driven LT in a standard NK model without the real cost channel
and the right panel shows no expectations-driven LT with the real cost channel, following the calibra-
tion method as in Appendix E.

I show the numerical experiment results in Figure 2 following the calibra-
tion method as in Appendix E.'® On the left panel, in the standard model, when
the sunspot shock is persistent enough, there are two equilibria, and the second
intersection appears. With the same calibration method, there appears to be

no sunspot equilibrium on the right panel of Figure 2: The absence of a sec-

16The calibration method can guarantee that p* > p.

24



ond intersection in the AS/AD curves due to the steeper AS curve at the ZLB
episode. This result can provide a theoretical justification for why the possi-
bility of expectation-driven LTs is unfavorable, as shown in Gorodnichenko &
Sergeyev (2021) and Mertens & Williams (2021).

In this section, we introduce the real cost channel, which results in the NKPC
exhibiting a locally flat characteristic in a (ys, 77s) graph, observable primarily
during ZLB episodes.!” This study demonstrates that the locally flat NKPC
can effectively negate the relevance of expectations-driven LTs and ensure a
unique equilibrium with 7rg = 0. Notably, this model’s portrayal of a locally
flat NKPC during ZLB episodes is corroborated by recent empirical evidence.
For instance, Hazell et al. (2022) uses cross-sectional data from the United States
to estimate a flattened Phillips Curve during the period of the Great Recession.
Here we have discussed the conditions necessary to make expectations-driven
LTs irrelevant. Next, we will delve into the economic intuition behind why such

results occur.

3.1.1 Economic intuitions

To gain a better understanding of how the real cost channel can reduce the oc-
currence of the sunspot equilibrium, following Bilbiie (2019) and Nie & Roulleau-

Pasdeloup (2023), we can rewrite the Euler equation in the following way:

vs = Ty(p, v, 1y)Esyis1 + Tp(p, vr) log(B), (13)

where the elasticity I' is a function of the model parameters, which are listed in
Appendix O. We can show Egy; ;1 = pys and assuming that the sunspot shock
is persistent (p > p) in the standard model, the coefficient that multiplies ys on
the right-hand side of equation (13) is greater than 1. Initially, we assume that
the output gap is in a steady state in the short run. However, using equation
(13), we can see that this cannot be equilibrium as the marginal benefit of con-

suming today, represented on the left-hand side, is zero. On the other hand,

17Tt should be noted that in Figure 2, the AS/AD curves are depicted in a (7, ys) graph
for ease of comparison, whereas the flatness of the Phillips Curve is represented in a (ys, 7s)

graph.
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the right-hand side of equation (13) shows a positive marginal benefit of saving

today, as Fﬁ(p, vr)log(B) > 0.

To restore equilibrium, households respond by curtailing consumption and
augmenting savings, which in turn precipitates a decline in aggregate demand,
culminating in a negative output gap, denoted as ys. In such circumstances,
the predominant inclination of households towards saving over consumption,
even in the absence of any external negative economic shocks, can engender a
vortex of depressed consumption. This phenomenon can be construed as a shift
towards a pessimistic economic outlook, which then becomes a self-fulfilling
prophecy, as highlighted in Mertens & Ravn (2014). Consequently, such change
can exert sufficient deflationary pressures to instigate expectations-driven LTs.
Sunspot shocks, therefore, have the potential to induce deflationary spirals that

are powerful enough to trigger traps.

Owing to the incorporation of the real cost channel, the elasticity parame-
ter I'; is diminished relative to its value in the standard model. This alteration
results in a less pronounced coefficient multiplying the output gap ys on the
right-hand side of equation (13). The direct consequence of this modification
is a mitigated impact of increased savings on the anticipated return to savings.
In such a context, households are less inclined to augment their savings, and
instead, display a propensity towards consumption. This behavioral shift sig-
nificantly diminishes the likelihood of expectations-driven LTs materializing as

an equilibrium outcome.

3.2 Equilibrium uniqueness/existence

As in Benhabib et al. (2001) and Mertens & Ravn (2014), the NK models can
be prone to equilibrium multiplicity. I have shown this occurs since there is a
second intersection that can feature the sunspot equilibrium analytically and
graphically. Moreover, as in Ascari & Mavroeidis (2022), models with ZLB con-
straints can have no solution: if there exist supply/demand shocks that make
the AD curve shift too much below the AS curve, there can be no equilibrium

in the expectations-driven LT case.
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Figure 3: Equilibrium uniqueness/existence with demand shock
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Notes: The black solid line in this figure is the AS curve while the red dotted line is the AD curve with
a demand shock (es = —0.010). The left panel presents the no equilibrium in a standard NK model
without the real cost channel and the right panel shows an equilibrium with the real cost channel,
following the calibration method as in Appendix E.

To have a clear observation, I plot this situation in Figure 5. It can be seen
that, on the left panel, if the effective slope of the AS curve at the ZLB is lower
than the AD slope, there can be no equilibrium with an additional strong enough
demand shock, as in Ascari & Mavroeidis (2022).!8 This arises since the demand
shock eg can shift the AD curve too much below the AS curve.!® However, no
solution dilemma can not arise if the effective slope of the AS curve is higher at
the ZLB episode.

On the right panel of Figure 5, it can be seen that the real cost channel can
increase the effective slope of the AS curve at the ZLB. In that way, even if there
exist srong fundamental shocks, there is always a unique intersection at the

ZLB episode since expectations-driven LTs are deemed irrelevant. Therefore,

8There exist two equilibria with a small demand shock.
9The kink of the AD curve is lower than the AS curve.
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the real cost channel can help ensure that the AS/AD curves always have a

unique equilibrium with fundamental shocks.?

The key findings of this section can be summarized as follows: The real
cost channel plays a role in ensuring the uniqueness and existence of model
equilibrium. Firstly, with a sufficiently large 7, for a given 7, the real cost
channel can render the sunspot equilibrium irrelevant. In this scenario, there is
no second point of intersection between the AS and AD curves, and the real cost
channel ensures a unique targeted steady state in the absence of fundamental
shocks. This phenomenon is referred to as the real cost channel’s contribution

to model equilibrium uniqueness.

Second, as previously discussed, demand or supply shocks might cause the
AD curve too much below the AS curve, potentially leading to a lack of model
equilibrium in an AS/AD framework. However, the inclusion of the real cost
channel in the model facilitates the maintenance of equilibrium existence, even
amidst strong fundamental shocks, provided that expectations-driven LTs are
considered irrelevant. This demonstrates the channel’s effectiveness in stabiliz-

ing the model under various economic shocks.

3.3 Strength of real cost channel: A caveat

As for the discussion outlined above, I have implicitly assumed that the role
of the real cost channel i.e. the elasticity of the real marginal cost w.r.t the real
interest rate -y, relative to the elasticity of the real marginal cost w.r.t the output
gap 7y, is strong enough to make the sunspot equilibrium irrelevant. However,
as in Proposition 4, ®(7y,) increases in the strength of the real cost channel v,,
implying a small 7, may not be able to reduce the occurrence of sunspots. In
this case, we aim to illustrate the role of the strength of the real cost channel in

this section.

In the numerical experiment, I consider three values for v,: v, = {0,0.1,1},

and the corresponding results are plotted in Figure 4. It is important to note that

20See Appendix N for a numerical example with supply shocks.
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when 7, = 0, the model reverts to the standard one. When 7, = 1, it represents
a sufficiently strong real cost channel for a given <, while v, = 0.1 indicates a

much weaker cost channel.?!

Figure 4: AS/AD with the strength of the real cost channel
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Notes: The black solid line in this figure is the AS curve while the blue dotted line is the AD curve. The
first panel presents the equilibrium in a standard NK model without the real cost channel, the second

panel shows the model with a weak real cost channel, and the third panel displays the model with a
strong enough real cost channel, following the calibration method as in Appendix E.

The direct takeaway from this Figure 4 is that the real cost channel has var-
ious features. On the first panel, it shows that we have two equilibria, and the
second intersession can feature the ZLB state with inflation 7rg < 0. On the sec-
ond panel, with a weak cost channel, even if the effective slope of the AS curve

in LTs now is larger, it can not rid the possibility of sunspots and even worsen

2In the study by Rabanal (2007), an explanation for the strength of the real cost channel is
provided. It is assumed that a fraction of representative firms need to borrow to cover their
wage bills for production, while the remaining firms can produce without incurring any pay-
ment obligations. When -y, approaches 0, it signifies a weak real cost channel, as only a small
fraction of firms rely on borrowing for their wage obligations. On the other hand, when 7, is
closer to 1, it indicates a relatively strong real cost channel, as a very large proportion of firms
depend on borrowing to meet their wage payments.
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the sunspot equilibrium with inflation 775 < 713. On the third panel, this is the
situation we have discussed above, and the strong enough real cost channel can
make sunspots irrelevant. For a given <y, I find that 7, > %; in the simulation

such that the expectations-driven LT is no longer relevant to our framework.?

There is a caveat to the real cost channel since a weak strength can even
worsen the sunspot equilibrium. Intuitively, households tend to save instead
of consuming in recessions. A weak real cost channel can increase the real
marginal cost through the expected inflation while the lessened short-term de-
flation in equilibrium is not enough. In this case, households have to save more
to obtain the optimal expected return on savings due to expected saving ben-
efits by examining Eq. (13).2% Therefore, households, already entrenched in a
self-fulfilling prophecy of consumption aversion, find that this additional re-
duction in consumption only exacerbates the equilibrium situation. In contrast,
a strong enough real cost channel can make up the short-run deflation fully.
In that way, deflationary expectations can not be an equilibrium outcome, and

thus the sunspot traps can disappear.

3.4 Comparison with the nominal cost channel

How robust are the primary findings of this paper if we consider the nomi-
nal rather than the real cost channel, as typically modeled in Ravenna & Walsh
(2006)?%* 1 follow Beaudry et al. (2024) and Nie (2024) to show the semi-linearized
NKPC with the nominal cost channel:

7t = BEimti1 +x [vyyr + 7 (Re +log(B))] - (14)

The key distinction between the real cost channel and the nominal cost chan-

nel lies in their respective influences on firms’ marginal costs. The real cost

arp’ Ry —(1-p°) (1-pp°)
_ ' | (1=p*)xp®
sunspot shock persistence. With this, the NKPC and the Euler equation become parallel and

the sunspot equilibrium is no longer supported.

23 As in Nie & Roulleau-Pasdeloup (2023), it explains at length that with not enough inflation
make-up in sunspot equilibrium, households have to increase savings.

24See also Surico (2008) and Gilchrist & Zakrajsek (2015).

22The threshold strength of the real cost channel is 7, = , where p® is the
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channel suggests that firms” marginal costs are affected by the expected real
interest rate, while the nominal cost channel pertains to the influence of the
nominal interest rate on these costs. One important observation is that during
the ZLB, nominal interest rates are constrained to be fixed at zero, rendering the
nominal cost channel ineffective in marginally influencing the inflation rate. In
that way, the nominal cost channel does not have the ability to alter the effective
slope of the NKPC during recessions, although it can still lead to shifts in the
NKPC. As previously highlighted, the effective slopes at the ZLB are crucial in
ensuring the irrelevance of the expectations-driven LT under certain assump-
tions. In that case, this nominal cost channel can not decrease the possibility of

expectations-driven LT dynamics.

4 Monetary policy with the real cost channel

In this section, the real cost channel is incorporated into the standard NK model
to examine the effects of monetary policy. Specifically, the focus is on discussing
the neo-Fisherian effects and the impact of forward guidance in the presence of
the real cost channel. It is noteworthy that the real cost channel has the potential
to make the neo-Fisherian effects irrelevant. Additionally, forward guidance

can lead to the economy falling into low-inflation traps.

4.1 Neo-Fisherian effects: short-run expansionary inflationary

interest rate increases

How does the real cost channel affect neo-Fisherian effects, which are defined as
short-run expansionary-inflationary interest rate increases? Following a tractable
way in Bilbiie (2021), I assume the central bank sets the interest rate according
to an exogenous process r} which follows a two-state Markov process with per-
sistence p. More specifically, the exogenous interest rate process r} starts above
the steady state at 7" > 0 but converges back to the steady state r" = 0 with per-

sistence p. With this in mind, we have the solutions of inflation with Definition
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I G s . (15)
s = - :
Spc — Ske

In Bilbiie (2021), the condition that determines the possibility of both neo-
Fisherian effects and expectations-driven LT dynamics in the standard NK model
is that the slope of the NKPC at the ZLB is lower than its counterpart of the Eu-
ler equation. This condition can be straightforwardly verified by examining Eq.
(15): If this condition is satisfied, it implies that short-run inflationary interest

rate increases can lead to expansionary effects.

As detailed in Appendix P, the irrelevance of expectations-driven LTs im-
plies a specific relationship between the effective slopes of the AS and AD
curves:

Z ¢,z
Ske < Spe-

In this scenario, if the expectations-driven LT is no longer relevant, it implies
that the condition stated in Bilbiie (2021) is no longer valid. This inference be-
comes clear upon analyzing Equation (15). It can be observed that an increase
in interest rates might actually lead to a decrease in inflation, thereby diminish-
ing the relevance of neo-Fisherian effects, a concept explored in studies such as
Cochrane (2016), Garin et al. (2018), and Bilbiie (2021). I summarize the main

result in Proposition 5.

Proposition 5. Under the real cost channel, if the expectations-driven liquidity trap is

irrelevant, the neo-Fisherian effects can disappear.
Proof. See Appendix R. O

Within the framework of the real cost channel, this channel emerges as an
endogenous factor capable of nullifying the neo-Fisherian effects. The under-
lying rationale predominantly hinges on the notion that, during LTs, expected
inflation can counterbalance potential deflationary forces. Consequently, the
absence of self-perpetuating LTs allows interest rate adjustments to exert their

economic impact, as observed in normal times. A pivotal question then arises:
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How robust are the primary findings of this paper when a nominal, rather than
a real cost channel is considered? Under a nominal cost channel, the likeli-
hood of expectations-driven LTs remains unmitigated, and the presence of neo-

Fisherian effects is still plausible.

Given that the nominal cost channel alone does not eliminate expectations-
driven LTs, does it influence neo-Fisherian effects? As noted in Ali & Qureshi
(2022), neo-Fisherian effects are more pronounced with a nominal cost channel
for a given persistence of the shock. Our tractable model offers an intuitive
justification for this. Eq. (15) includes the term ZICJC, specific to the cost channel,
which significantly intensifies the effects beyond those observed in the standard
New Keynesian model. An additional point to consider is that if the real cost
channel does not render expectations-driven LTs irrelevant, its impact on neo-

Fisherian effects would parallel that of the nominal cost channel.

4.2 Forward guidance

What are the effects of forward guidance (FG) in the model with the real cost
channel? In this analysis, I adopt a similar approach to Bilbiie (2019) to incor-
porate FG into the model. Specifically, I assume that the central bank commits
to maintaining a zero interest rate policy with a probability g in the medium
run (where we label it with the subscript F) after the short-run LT ends. This

assumption allows us to derive the equilibrium condition in the medium run:

_ (1—Bq)or _
VE= =)= Bq + kyrg) — vy, | 8P (16)
p — K108 (B) + K1y 17)

1—Bg+xyeq

Existing literature on forward guidance (FG) including works like Cochrane
(2017), Bilbiie (2019), Bilbiie (2021), and Nie & Roulleau-Pasdeloup (2023) con-
sistently suggests that prolonged FG can induce positive mid-term inflation as
a mechanism to compensate for short-term economic deflation. However, the

question arises: Does FG, when combined with the real cost channel, exert a
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similar influence? According to Eq. (16), the economy continues to expand,
aligning with previous findings and highlighting the economic stimulatory as-
pect of FG.

Yet, as demonstrated by Eq. (17), the actual inflation 7rr under the real cost
channel is expected to remain deflationary.?®> This finding sharply contrasts
with prior literature, such as Bilbiie (2021), where the announcement of zero
interest rates following the encounter with the ZLB typically results in future
inflation in expectations-driven LT scenarios. The introduction of the real cost
channel thus presents a nuanced perspective on the effectiveness and outcomes

of FG, potentially challenging prevailing assumptions in the field.

Our findings are consistent with the simulation results presented in Beaudry
et al. (2024), which demonstrate that maintaining interest rates below standard
policy levels following a period of being at the ZLB with inflation below the
target could have adverse consequences. In the standard model, FG can create
expectations of future inflation that help offset the short-run deflation and bring
inflation back to target levels as in Gertler (2017). However, with the incorpo-
ration of the real cost channel, the effects of FG can become deflationary. In this
case, FG is unable to effectively offset the short-run deflationary pressures and
may even exacerbate the deflationary dynamics. In this scenario, such a pol-
icy could potentially lead the economy into a low inflation trap, characterized
by persistently low inflation rates. The findings of this paper can be seen as
complementing existing literature, such as the work of Carlstrom et al. (2015),
which demonstrates that the qualitative effects of key economic variables in re-
sponse to forward guidance can lead to counterintuitive reversals. Specifically,
Carlstrom et al. (2015) show that the impact of an interest rate peg can cause
inflation reversals to shift from being highly expansionary to highly contrac-

tionary with modest changes in the duration of the interest rate peg.

2In this scenario, it is observable that terms involving -, in Eq. (17) predominate over those

involving 7, if the condition 7, < 7’( 1) holds true. This condition also suggests a strong real
cost channel for a given 7y, Wthh is in the same spirit as Proposition 4.
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4.3 Welfare analysis

In this section, we engage in a discussion on welfare analysis, employing the
commonly used welfare loss function framework that incorporates output gap
and inflation, as delineated in Woodford (2011). When considering the nomi-
nal cost channel and a weak real cost channel that fails to render expectations-
driven LT dynamics irrelevant, it becomes necessary to set 715 = ys = 0 within
the expectations-driven LT framework. Consequently, the interest rate can be
determined as in the standard NK model (see Bilbiie (2021)), as outlined in Ap-
pendix S. Given the objective of minimizing welfare loss, the optimal welfare
condition is achieved in the absence of expectations-driven LTs. From this per-
spective, the elimination of expectations-driven LT equilibriums in the model

is conducive to maximizing welfare.

On the other hand, if the real cost channel has the potential to render the
expectations-driven LT irrelevant, under such circumstances, the economy grav-
itates towards a unique equilibrium, which aligns with the intended steady
state characterized by g = ys = 0. Here, welfare is optimized as the econ-
omy stabilizes in the desired equilibrium state, free from the distortions of
expectations-driven LTs. This insight underscores the significant role of the real
cost channel in achieving optimal welfare outcomes by stabilizing macroeco-

nomic conditions.

5 Conclusions

In the presence of the zero lower bound, even in the absence of fundamental
shocks, a shift in confidence can lead to sufficient deflationary pressures, trig-
gering expectations-driven traps in the standard sticky-price New Keynesian
(NK) model. To address this issue, this paper introduces a tractable NK model
that incorporates the real cost channel. The findings reveal that the real cost
channel can effectively reduce the occurrence of expectations-driven liquidity
traps (LTs) by rotating the Phillips Curve. The economic reasoning behind how

the real cost channel can make expectations-driven LTs less relevant is based

35



on its ability to mitigate the impact of higher savings on anticipated returns.
When this occurs, households are less inclined to increase their savings, show-
ing a stronger preference for consumption. This shift in behavior reduces the

chances of expectations-driven LTs emerging as a possible equilibrium.

Additionally, I show that a not sufficiently strong real cost channel may even
worsen the sunspot equilibrium. I also show this real cost channel is theoreti-
cally appealing since it helps ensure model equilibrium existence. Finally, I in-
vestigate the impact of monetary policy in the presence of the real cost channel,
demonstrating its potential to make the neo-Fisherian effects irrelevant. When
forward guidance is incorporated with the real cost channel, the economy is

susceptible to falling into low-inflation traps.

This study, anchored in a NK framework and employing log-linearized ag-
gregate demand and supply equations, provides substantive insights in the
realm of a targeted steady state characterized by zero inflation and zero out-
put gap. However, the scope of our analysis is primarily "local", concentrating
on linearized conditions within a narrowly defined vicinity of this steady state,
under the specific condition of a zero nominal interest rate typical of liquidity
trap scenarios. Consequently, the incorporation of a "global" analytical frame-
work, as exemplified in recent works such as Piergallini (2023), which encom-
passes nonlinearities and the potential for multiple steady states, represents a

compelling trajectory for future research.
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Online Appendix

A The Model Setup

Time is discrete and there is no government spending.

A.1 Aggregate Demand Side

The representative household has the below preferences:

U(Ct, Lt) = u(Ct) — U(Lt)

_ Ctl—U _XL2+77
1—0c “1+7’

x>0

where households work L; hours, consume amount C;, and trade government
bonds B;.
The budget constraint is,

14+ R

B
Ci+ =t = WiLi +D; — Ti + exp(Sy_1) ———1B;_;.
P, P

where 3¢ is a “risk premium” shock.
t

The optimal aggregate (individual) labor price is written as:

Lx

W; =

I can obtain the Euler equation with the first-order condition (FOC) of the max-

imization program:

(€ = pep(30E: { (o) " ]

14114

The semi-linearized equilibrium Euler equation by approximating around the

steady state can be read. That is, all lowercase format variables are the log
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deviations from steady state (x; = log(X;) — log(X)):

1
¢t = Eicipq — p [Ri +1log(B) — Etmiiq — €]

where €; = —S; is the demand shock (also can be seen as interest rate shock)
and R; is the nominal interest rate in level.

The following resource constraint is placed in this economy:

Yt = Cy,

Furthermore the Euler equation is expressed as:

Yt = Bryr1 — 07 [Re +1log(B) — Ermiy1 — €,

where 0, = (17

A.2 Aggregate Supply Side

Each monopolist will use only the basic input Y7 for production and follow the
one-to-one technology. Therefore, the price of this basic input is the marginal
cost. The basic input is produced by representative firms with the following

Leontief production function:
YP = min(aN;, bM;),

where M; is the final goods, and N; is the labor.

The unit price of the final goods attached to the production is P;. As in Beaudry
et al. (2024), we assume that the basic input representative should borrow D,
to pay for the input M; at the risk-free nominal rate i; for the production, i.e.
borrowing costs.2 In this case, firms should produce, sell the product, pay

wages W;P;, pay back the debt in the previous period, and distribute the div-

26The borrowing cost is crucial in modeling since it introduces the real cost channel in the
Phillips Curve. The advantage of this introduced real cost channel method as in Beaudry et al.
(2024) is that it allows setting arbitrarily the elasticity of marginal cost rate with regard to wage
and interest rate. Please see Beaudry et al. (2024) for a comprehensive comparison between the
model with the nominal and the real cost channel.
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idends Il;. One can show the budget constraint of firms at time ¢ by simply

assuming zero profits in equilibrium below:
Dyi1+ PPYP = WiPiN; + (1 +i;_1) Dy + PiM;,

where PP is the basic input price, and D;, 1 = P;M;.

In that way, the profit Il; can be shown as:
I1; = PPYP — WiPiNy — (1 + 1) P 1 M 1.

We further assume that firms maximize the expected discounted sum of real
profit % with a discount parameter p. In this case, the first-order condition can

t
1 B 1+14;
PP=(-wW,+CE-—"" P,
t (a t-l-b t1+7Tt+1> t

be shown:

Where 71,1 is the next period’s inflation rate. Thus, one can obtain the (real)

marginal cost of the basic input:

W B[ 1+i
me, =% +b1EL+m+J.

In logs, one can show the linearized equilibrium

1 B 1+i
1w 4 . . . .
— a — b 147
where v, = Ty B I Yr =7 TR and R; is the nominal interest rate in
b 1+m a b 1+m
level.

On the other hand, the optimal labor supply reads:

0'(Nt)
u'(Ct)

= W;.

Other parts are standard, and the New Keynesian Phillips curve yields:

mty = PBEtm 1 + Kk mcy.

A-3



By log condition, I have the semi-linearized equilibrium

1y = BBt 1 + & [vyye + v (Re +log(B) — Bimig)],

were 7, = (35740 - 5)

In this case, this model can collapse to the standard model if we assume 7y, = 0

below:

1t = BBt 1 + KyyYt-

B Proof for proposition 1

In liquidity traps, the Phillips Curve with the real cost channel can be shown as

mtr = BB + x| yyyr + v (—Ermen) |+ tip
~——_— ———

real cost channel

Without the real cost channel, it is assumed that 7y, = 0, deflationary pressures
can trigger a ZLB state. Since nominal interest rates are zero, deflation can result
in higher real rates which can imply lower demand via the AD curve, which in
turn leads to deflation via the AS curve.

However, the real cost channel can imply higher expected marginal costs (higher
expected inflation) via the AS curve, in equilibrium, which can imply short-run
inflation through rational expectation and sticky prices. The higher marginal

costs due to the real cost channel can counteract short-run deflation.

C Proof for proposition 2

Using Definitions (1)-(3), we can show the model in the canonical form repre-
sentation below:
EiXt+1 = AX¢ + BZ;,
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where X; = [y; m]T, Z; = [e]T and A and B are conformable matrices. Since
the shocks have no impact on whether the equilibrium is unique or not, we will
assume €; = 0 for convenience.

Using equations above, the matrix A can be written as:

1+ rKYy Ur¢n . or(1—xyr¢r)

v F—x,
Ky 1—x7rdpr
B—xr B—xr

Whether we get a unique equilibrium or not depends on the values taken by
the eigenvalues of matrix A. The NK model has equilibrium determinacy if the
matrix A has both eigenvalues which are outside the unit circle. A standard re-
sult from linear algebra is that the two eigenvalues of matrix A are the solution

to the following second-order polynomial:
P(A) = A2 — tr(A)A + det(A),

where the trace and determinant are given by

OrK7Yy 1—xy¢n
B— v B —xyr

1—xv,¢pn + KYyOr$n
p—xyr '

tr(A) =1+ , det(A) =

In this paper, we simply assume 8 — k7, > 0 as in Beaudry et al. (2024). By
assuming both roots are lower (or higher) than a unit, we know det(A) > 1

and

1 —xYrpn + K7y > B — Ky

(PN(K')’y‘Tr —KYr) > B—xy—1
Ky —1
gp > P—Frr=1

KYy0r — Ky

From the definition of the polynomial, both roots are outside the unit circle if
P(-1) >0 & P(1)>0.
In this case, one can re-write it as
det(A) + tr(A) > —1
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det(A) — tr(A) > —1.

The first condition can hold if

4 OrKYy +1-— KYrdpr

+ det(A) > —1
y—— (A)
o, 1-—
rKYyy + KYr$n S .3
B —xyr

KYrprn < 3(B—xyr) +orkyy +1
3(B—Kyr) +ovyy +1

¢$n < -y
The second condition can be satisfied if
1 —x7r¢pr + K7y 0rdpn _1_ oKy 1 —xv¢rn S 1
B — Ky B — Ky B —xyr

KYyOrPr OrkYy
>
B—xyr  B—rKYr
¢ > 1.

Thus we can conclude the equilibrium determinacy condition for ¢:

— -1 3(B— of 1
(BT 1) Ly, o) )
K’)’yU—r - K’)’r Kr)/r

It is easy to prove that f — k7, — 1 < k7,0, — k7, and the equilibrium determi-

nacy condition for ¢, can be rewritten as

3(B—x1r) +orkyy +1

1
< ¢pr < o

On the other hand, if one root is lower than a unit and one root is higher than a

unit, we have the condition for the polynomial.

det(A) +tr(A) < —1
det(A) — tr(A) < —1,
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where the second condition tells ¢; < 1. Further, one can show det(A) < —1:

1—xy¢r+ KYyOrPr

det(A) = o~

< -1,

where 7, € [0,1] and « is a small number in general. If ¢, < 1, there is a
contradiction since 1 — x7,¢, should be positive.

For the nominal cost channel case, the the matrix A can be written as:

14550 g, o)
_ 1-xYr¢n '

p B

Similarly, one can show the equilibrium determinacy condition for ¢:

-1 3 oKy, + 1
max(l,‘B—)<<,‘bn< P "y .
KYyOr — KYr KYy

It is easy to prove that p —1 < KYyOr — Kz, and the equilibrium determinacy

condition for ¢, can be rewritten as

3B+ orkyy + 1
KYr '

1< <

D Upward Sloping Assumption

According to Definition 4, in normal times, I can reproduce the solutions for ys

and 7t as follows:

ys = or(1 = Bp + K7rp — K1)
(1=p)(1 = Bp +x7rp — kYrPr) + Okyy (P — P)
0Ky
(1=p)(A = Bp +x7rp — £Yrdr) + Orkyy (P — p)

€s

Tg = €g.

If the Phillips Curve is upward sloping in normal times, which means the effec-

tive slope of Phillips Curve is positive:

1—-Bp+xyp—xyrpr >0



]. - K'Yr(l)n

=Sp<
P B —xr

7

where the second line using the assumption 7y, < p as in Beaudry et al. (2024).

1—xkyr¢pr

In this case, there is a threshold p" = By, -

E Calibration Parameters

In Table 1, the parameterization of the cost channel is grounded in the cali-
bration framework established by Beaudry et al. (2024). Beaudry et al. (2024)
fundamentally presupposes ¥ = 1, a premise that suggests an elasticity of in-
flation relative to the real interest rate of 0.2. This inference is in harmony with
the estimates derived from my research. It is pertinent to note that deploy-
ing alternative parameter configurations of 7, and 7, generates results that are
qualitatively analogous. These supplementary outcomes are accessible upon
request. Additionally, my methodology aligns with the calibrated approaches
advocated by Mertens & Williams (2019), Bergholt et al. (2020), and Nie &
Roulleau-Pasdeloup (2023) for other standard model parameters. Concerning
the shock persistence, the model adopts p = WTJF? This specification is metic-
ulously chosen to ensure that the model not only facilitates a sunspot equilib-
rium within the conventional New Keynesian framework but also adheres to

the upward-sloping prerequisite of the New Keynesian Phillips Curve.

F The expressions in Definition 5

The NKPC is shown below:

1-Bp+Kyrp—KYrdPn

K')’y

1-Bp+Kxy,rp
K’)’y

T if7rg>M

$r
g — % log(B) if ms < logiﬁ).

Ys =
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Table 1: The calibrated parameter values

Discount factor B =0.99
Preference parameter n=1
Preference parameter o =1
Elasticity of inflation w.r.t. output gap K Xy = 0.04
Elasticity of inflation w.r.t. interest rate KXy =02
Inflation feedback parameter ¢ =15
Persistence p= @

Notes: I follow Beaudry et al. (2024) to set the value for elasticity of inflation w.r.t. output
gap/inflation. We can obtain qualitatively identical results with different sets of 7 & 7y.
I follow Mertens & Williams (2019),Bergholt et al. (2020), and Nie & Roulleau-Pasdeloup
(2023) to use a standard calibrated method for other parameters. 7 is the threshold such
that there exists the expectations-driven LT in the standard model without the real cost
channel. p" is the threshold such that the AS curve is upward-sloping in the model with
the real cost channel.

One can formally show the Euler equations below:

yom —0, "’1”__; s + Urf_—sp if 7Tg > logff )
7 —1 . I
%ns + g, 508 P) 13%@ ) if g < Ogiﬁ ).

G Proofs of Lemmal

The Euler equation in standard NK model:

yt = Etyr1 — 0[R + log(B) — B¢t — €]

The NKPC is below:
mtr = BE7ti 1 + KYyyt

Using the simple two-state Markov Chain, we have Egmt;y1 = prtsand Esy;1q =

pys. We can write the Euler equation at the ZLB below:

€5 — 108(,3).

S S
Ys = S r 1_P

1=p
One can yield the NKPC:
_1-Ppr
prm— S.

S
Yy Yy
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Thus, the effective slope of AD/Euler curve is:

SEE = 071 .

And the effective slope of AS/NKPC curve is:

H Proofs of Lemma 2

The standard textbook New Keynesian Phillips Curve without a cost channel

can read:

7y = BETT 1 + KYyYt

In this case, the Phillips Curve can be re-written as

1-pp
KYy

Ys = 7Ts
If the Phillips Curve is upward-sloping throughout time periods. If there is an
absence of demand shock and the effective slope of AS curve is lower than AD

curve, i.e.:
(1=p)(1 = Bp) < orprryy.

We can have the sunspot equilibrium featuring rs < 0,ys < 0: i.e. there exists
a threshold p:

(B 1+okyy) - \/(1 + B+ orKyy)? — 4B
p= 2B
(B+1+40vkyy) — (—B+ 1+ 0kyy)

2B

<

=1
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where thereis p € (0,1) to trigger the expectations-driven LT to make yg < 0in
the absence of demand shock. That being said, there is a sunspot equilibrium
if p > p. Note that if the the demand shock is very large, it can shift AD curve
down so much that there is no intersection in the AS and AD curves which

means no equilibrium in this economy.

I Proofs of Lemma 3

It is straightforward to use Appendix G and one can combine AS/AD curves to

obtain the solution at the ZLB:

_ (1—Bp)oy ce —lo
Vs = A= p) (1= pp) —apreny ° 1OBP)
KYy

g =

es —log(B)),
T pp) —opryy 8P
where p < p.

On the other hand, the sunspot equilibrium emerges without fundamental shocks

€g if p > P and the solution can be derived with AS/AD curves:

_ (1—Bp)oyr 1o
Vs = A= py(1 = Bp) oy 08P
Ky

(1—p)(1 = Bp) — orpryy

g =

(—log(B)),

where p > p.

J Proofs of Lemma 4

According to Definition 4, under a ZLB, the Phillips Curve is

1-— + Kyy 7
_1-pp wﬂs_v_log(ﬁ)l

S
/ KTy Ty
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The Euler equation at the ZLB is:

0;
Ys = —ﬁﬂs + oy

Thus, the effective slope of AD/Euler curve is:

z
Stp =07

p
1=p
And the effective slope of AS/NKPC curve is:

oz _ L= Bptxvp
PC Ky :

K Proofs of Proposition 3

One can show that

C,zZ 4
Spc > She-

Thus, the effective slope of the AS curve at the ZLB episode is higher with the

real cost channel.

L Proofs of Lemma 5

According to Definition 4, under a ZLB, the Phillips Curve is

1- ﬁvﬂwns o
Ky Ty

Ys =

7

1-Bp+xyrp
KYy

in the elasticity of the marginal cost w.r.t the interest rate -y, which can be seen

where the effective slope is . It is easy to check this slope is increasing

as the strength of the real cost channel.

If the flat Phillips Curve is upward-sloping throughout time periods, which
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means that the effective slope of the Phillips Curve is always positive:

L= Bp +x7p = KYrpn >0
1—xv¢x

S < .
P B —xyr

In this case, in normal times, it is easy to check that the only equilibrium is the
target steady state (i.e. ys = 7t = 0) with no demand shock.
While assuming that the demand shock is large enough to trigger the fundamental-

driven ZLB, I reproduce the following solutions for ys and 7s:

(1= Bp +xyrp)or(es —log(B)) + kyrorplog(B)

5= (1=p)(1 = Bp +x7rp) — OrpKYy
s = K'Yyar(es —log(B)) n KYyKYrOr P log(B)
(1=p)A—=Bp+x1p) —apryy  [(1—p)(1—Bp +xyrp) — orpryy| (1 — Bp + K7rp)
KYr 108(.3) .
1—pBp+xyep

If there is no expectations-driven liquidity trap (LT) in the absence of demand

shock, the requirement is below:
(1 —ppo(—log(B)
p)(1 = Bp +x7:p) = orpryy
< D(p) = 1 =p)(1—pp +x7rp) = OrpKYy >0

ys=(1_

Similar to the result in Appendix H, one can show the threshold p° by making
D(p) =0

B B+1+ OrKYy — KYr) — \/(1 + B+ oKy — Kyr)? —4(B —xvr)
B 2(B —xr) .

This expression is isomorphic to the expression of p and to have a study on the

monotonicity, we can have a general expression p(x):

B (14 oxyy +x) — \/(1 + oy, + %)% — 4x
p(x) = 2x *
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We then show the derivative of p(x) w.r.t. x:

p(x) _ (1+orreyy) [(1+mmy+x) - \/(1+crrmy+x)2 —4xJ —2xl.
ox \/(1 + oy, + x)% — 4x x?

We first assume ag—(xx) < 0 and it should meet the below

(14 ovxcyy) [(1 + oKy + x) — \/(1 + opkyy + %)% — 4x] —2x <0

(14 oy ) (1 +ovryy +x) —2x < (14 O'rK’)/y)\/(l + oyxyy + x)% — 4x
4x? — 4x(1 + k) (14 oy + x) < (1 + ovkyy ) *4x
4x* < 4x* (1 + opcyy).

In this case, it is true that aﬁa—(xx) < 0.Since B> (B—x7v:), P < P°.

M Proofs of Proposition 4

Using the result in Appendix L, One can yield a condition for 7, to secure
D(p) > 0:

D(p) = (1—p)(1 = Bp +x7rp) — orpKyy

1—K’)/r(l>7r> ( 1 —x7rdpr 1—K’)’r([)n-> 1—xY¢n
>(1— ———% 1-B——— = +xy,——— | —0,——— Tk
( B — Ky p B —xyr T B —xyr ' B —xyr Ty

= (B —xyr = L+ k7:¢n) [Bxyrpr — k7 + 57, (1 — £71¢07)] — 07(1 — kY ) Yy > 0

(B —x7r — 1+ x9r¢7) (BYrPr — KViPr) _ @
0}(1 — K'Yr‘l’?‘()

Ty < (7r),

where the second line we assume p = p° due to monotonicity.
At the ZLB episode, one can compare the effective slope of the AS/AD curves:

L=pptryp P

Ky 1-p

(B—xYr=14+x7r ) (Bryrprm—KY7 )
or(1—=xvrpr)
effective slope of the AS curve is larger than the effective slope of the AD curve

where we use the condition 1y, < . This means the

A-14



at the ZLB.
In addition, one can check the monotonicity of ®(7y,) w.r.t. 7,

B—xr
8(1)(77) o J 1—xyr¢r

oYy oYy
« k(¢pzp—1) > 0.

Therefore ®(7,) increases in 7.

N Additional Figures for Supply Shocks

In this part, we simply assume there is a supply shock in the NKPC as in Figure
5:
e = BEt 1 + K[’Yy]/t + 7r (Rt +log(B) — Etmi1)] + pt,

where y; is the temporary supply shock.

O Derivation for equation (13)

In sunspot-driven recessions, the Euler equation can be shown as:

Ys = ]ES]/t-I-l + O'rlEtnt-i-l - Ur(log(ﬁ))

Note that we can show

Esmti 11 = prts
p p
— K _|_
T—(B—rm)p ST 1 (g

KyyK7Yy lo

p
= KyylE +
T—(B—ry)p ST T (B —y)p

xyrlog(B),
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Figure 5: Equilibrium uniqueness/existence with the real cost channel (supply
shock)

5
0 0
= O = Or
g g
S 3
& B=
= X
S0t S0
-15 F -15 -
NKPC(us = 0.015)
-------- Euler
-20 : 1 1 1 -20 1 R | 1 [ 1
-8 -6 -4 -2 0 2 -8 -6 -4 -2 0 2
7s (% from s.s) ms (% from s.s)

Notes: The black solid line in this figure is the AS curve with a supply shock (s = 0.015) while the
red dotted line is the AD curve. The left panel presents the no equilibrium in a standard NK model
without the real cost channel and the right panel shows an equilibrium with the real cost channel,
following the calibration method as in Appendix E.

where the last line we use the fact Esy;11 = pys. With this in mind, one can

rewrite the Euler equation as

P
—(B—x7r)p

kY, log(B) — or log(B)

ys = Egyiy1 + rg ) kyyEsyr1 + 0ry

- (,3 —KYr)p
= Ty(p, v, vy)Esyir1 + Tp(p, 1r) log(B),

where

1
ry,(p, v =140 K
y(P, e 1y) 1= (B—x1)p Ty

and

P
Igz(p, =0, Ky, —1 <O0.
ﬁ(P Yr) & (B—x77)p Yr
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One can show the composite parameter I'g(p, 77, 7y) in the standard model with

’)’r:O:

1
Fﬁ(p,O,'yy) =1 —I—O'rl — prK’yy.

In that way, with the real cost channel, for a given level p, it can lower the

composite parameter I';(p, v, 7y) to make sunspot liquidity less likely to occur.

P Irrelevance Condition

This is a direct result of the standard model in Appendix H. If there is an ab-
sence of demand shock and the effective slope of AS curve is lower than the AD
curve at the ZLB, we can have sunspots. Otherwise, if the effective slope of the
AS curve is higher than the AD curve at the ZLB, sunspots disappear. Thus, the
necessary and sufficient condition to make expectations-driven traps irrelevant
which is:

Spe > Sk

Q Robustness check: No absorbing state

In this part, we relax the previously held assumption that the target steady
state is absorbing. Following the approach in Coyle & Nakata (2019), we model
expectations-driven LTs. Our primary objective is to explore how the real cost
channel can influence the relevance of expectations-driven LTs. Accordingly,
we assume the presence of two distinct equilibria in the economy: The first
equilibrium is characterized by inflation and the output gap stabilizing at the
targeted steady state, while the second, the expectations-driven equilibrium, is
marked by both inflation and the output gap being negative, and nominal in-
terest rates constrained at the ZLB.

The model incorporates a sunspot shock s; that follows a two-state Markov
process. The economy resides in the targeted steady state when s; = N, repre-

senting a normal state, and shifts to the unintended equilibrium when s; = C,
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indicative of a crisis state. The sunspot shock s; is revealed at the beginning of
each period and is observable by households and firms. This information plays
a crucial role in the coordination of decision-making among private agents, as
their expectation formation integrates the current realization of s;. The transi-

tion probabilities are defined as follows:

Prob(s; = N|s;_1 = N) = pn,
Prob(s; = C|s;—1 = C) = pc.

In the normal state, the inflation rate closely aligns with the target steady state,
and the ZLB constraint is not active. Conversely, the crisis state is characterized
by low inflation with the interest rate at the ZLB. Utilizing the defined equi-
librium transitions, when the economy is in the normal state, the equilibrium

conditions can be shown as:

(B—xy)(1—pn) Ky
N = e + ,
NI By — (@ —pn) 1= BN — ke (P — )Y
Or\Pr —

When the economy is in crisis state, we have the equilibrium conditions below:

(,B — &y )(1—pc) Ky KYr
Tc = T + lo ,
C= T Bpctrmpe N T T Bpe + rmpc’S T 1= Bpe + rrope 08P)
0, 0,
yc=yn — —— log(B) + ﬂnc + 07N
1—pc 1—pc

In the normal state, the inflation rate closely aligns with the target steady state,
and the ZLB constraint is not active. Conversely, the crisis state is characterized

by low inflation with the interest rate at the ZLB. We can define these formally:

., log(B)
2=
log(B)

e < —=~E2

$r

TIN

7
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We can solve the above equations and derive the short-run inflation for each

state:

Ni1Z5- + Na
— —Pc 1
7TC D1 + N1 Oy Og(ﬁ)’

1-pc

1 log(B) — (o7 + {25
7TN - - ¢n_pN 7
Ir = Tpy

where

[ (B—xr)(1=pc)

KYy 1-Bpc+xyrpc _i_Ur((Pn*PN)
1=Ppn =1 (n=PN) | mptiie 1=pn
U’r(qbrr*pN)

1-pNn

Ky [ (B—xvr)(1—pc) ®(¢n—PN)]
1-Bpn—K7r(pz—pN) | Ky + I-pn +1
or(Pr—pnN)

1-pN

+1

oy —

(Tr_

Ky
N> ::1_ﬁPN—KWA¢n—PN) KYr

Ky —
ppctrnpe L PPCTRYPC

_ KYr
1—BpN — 7 (¢n — pN)’

Ky

(B—xv)(1—pn) + 1-BpN—%7r(Prn—pN)

_ KTy
1= Bpn — &7r(Pr — PN) 1,;;7,;;% 1= BpN — x7r(Pn — PN)
(B—xyr)(1—pn) 1— Bpc +krpc Ky

T 1= BN — 51 (P —pN) | L= Bpn — k1P —pN) | 1= Bpn — k1 (@r — PN)

Dy + oy

log(p).

7T

The expectations-driven LTs do exist if 7¢ <

<

Oy
N5 + N log(B)

——=——1o <
Dl + Nl 15;,C g(ﬁ) 4771

Ny 15;7(: + Np - i
D1+ Ny 157% bn
N, — D, 1

SYVY=14 ——F—7F—> —.
D1+N11f;,C $n

=
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We first extract the terms with 7, in Np — Dy and it says:

xyr(pN — pc)
1—Bpn — «Yr(Pr — PN)

> 0,

where it is generally assumed that pxr > pc since the period of the normal state
should be much longer than that in the crisis state as in Coyle & Nakata (2019).
Then the terms with 7, should be positive. In addition, since the left-hand
side of the above inequality is positive, D1 + N; 1:7;%
Nllfﬁ + N, is not positive from our assumption. For simplicity, D1 + N;

should be negative since

Or
1-pc
can be similar with/without the real cost channel. In that case, with the real

cost channel, the terms in ¥ should be lower compared to ones without this
channel. In other words, with the real cost channel, the economy can be less
likely to get stuck into the expectations-driven LT. With this result, we can say
that the results with no absorbing state: when the real cost channel is consid-
ered, the possibility of expectations-driven LT can be less.

Adopting the method without an absorbing state can effectively capture the
dynamic relationship of Markov Chains in different state transitions. How-
ever, in the main text, we have not primarily used this method for analysis, for
three dimensions. First, this method involves a considerable number of param-
eters, such as the persistence probabilities for two states, which complicates the
derivation of analytical solutions. Second, and more importantly, this method
cannot be implemented in the context of presenting results within the AS/AD
framework, which is the focus of this paper. Third, the concept of a sunspot
shock having a long-term (absorbing) steady state is widely used in the litera-
ture, especially in recent studies as in Bilbiie (2021), Nie & Roulleau-Pasdeloup
(2023) and Nie (2024).

R Proof for Proposition 5

Following Bilbiie (2021), we assume the central bank sets the interest rate ac-
cording to an exogenous process ri' which follows a two-state Markov process

with persistence p. More specifically, the exogenous interest rate process r}
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starts above the steady state at " > 0 but converges back to the steady state
r" = 0 with persistence p. One can assume an isomorphic Euler equation be-

low:

vt = By — 0y [Re + log(ﬁ) — Emiq + 1],

where 1} is the interest rate shock. With this in mind, we have the solution

below: 1 .
Tep(—r") — o' B0 Tk
_ P Spc
ys Sip '

IZCDC . IEE(_rn) 4 O’rlog(ﬁ)

T 1=p
S = C,z 7 .
SPC - SEE

From Appendix P, we know that the condition to make expectations-driven LT

irrelevant is that
Str

<1
cz
SPC

In this case, if the expectations-driven liquidity trap is irrelevant, the increased
interest can reduce inflation and the neo-fisherian effects as in Bilbiie (2021) can

disappear.

S Welfare analysis

The welfare objective can be illustrated given a two-state Markov process:

min (73 + wyyE).

1
m 1—pp

In expectations-driven LT, we need to make g = ys = 0 and the interest rate

can be set in the standard model which is the same as in Bilbiie (2021):

o log(B),0<t<T
0,t=>T.

A-21



	Introduction
	The model with real cost channel
	Three-equation model
	Equilibrium determinacy
	Short-run equilibrium: A stochastic method
	Sunspot equilibria in standard NK model
	Equilibrium Multiplicity
	Characterization of multiple equilibria


	Expectations-Driven LT: Losing relevance
	Higher effective slope of AS curve with real cost channel
	Economic intuitions

	Equilibrium uniqueness/existence
	Strength of real cost channel: A caveat
	Comparison with the nominal cost channel

	Monetary policy with the real cost channel
	Neo-Fisherian effects: short-run expansionary inflationary interest rate increases
	Forward guidance
	Welfare analysis

	Conclusions
	The Model Setup
	Aggregate Demand Side
	Aggregate Supply Side

	Proof for proposition 1
	Proof for proposition 2
	Upward Sloping Assumption
	Calibration Parameters
	The expressions in Definition 5
	Proofs of Lemma 1
	Proofs of Lemma 2
	Proofs of Lemma 3
	Proofs of Lemma 4
	Proofs of Proposition 3
	Proofs of Lemma 5
	Proofs of Proposition 4
	Additional Figures for Supply Shocks
	Derivation for equation (13)
	Irrelevance Condition
	Robustness check: No absorbing state
	Proof for Proposition 5
	Welfare analysis

